ASYMPTOTIC BEHAVIOUR FOR A 
CLASS OF SUBHARMONIC 
FUNCTIONS IN A HALF SPACE * 
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Abstract. A class of subharmonic functions are proved to have 

the growth estimates u{x) — o{xn ^ \x\'p'^ 5 at infinity in 

the upper half space of R" , which generalizes the growth properties 
of analytic functions and harmonic functions. 



1. Introduction and Main Theorem 

Let R'^(n > 3) denote the ra-dimensional Euclidean space with points 
X = {xi,X2,--- ,Xn-i,Xn) = {x',Xn), wheie x' G R"~"^ and x„ G R. 
The boundary and closure of an open Q of R" are denoted by dQ 
and Q respectively. The upper half-space H is the set H = {x = 
{x',Xn) G R" : Xn > 0}, whose boundary is dH . We write B{x,p) and 
dB{x,p) for the open ball and the sphere of radius p centered at x in 
R". We identify R" with R"-^ x R and R"-^ with R"-i x {0}, with 
this convention we then have dH = R"~^, writing typical points x, y & 
R" as X = {x',Xn), y = {y',yn), where x' = {xi,X2,--- ,a;„-i), y' = 
iVi, 2/2, ■• • Vn-i) e R""^ and putting 

n 

X ■ y = Xjyj = x' ■ y' + Xnyn, \x\ = y/x ■ x, \x'\ = V x' ■ x' . 
i=i 

For X G R"\{0}, let([10]) 



Eix) = —Tnlx 



2- 



where I a; I is the Euclidean norm, r„ = -, — h — and Un = Iflr is the 

surface area of the unit sphere in R". We know that E is locally 
integrable in R". 
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The Green function G{x, y) for the upper half space H is given by([10]) 
G{x, y) = E{x -y)- E{x - y*) x,y eH, x y, (1.1) 

where * denotes reflection in the boundary plane dH just as y* — 
iui, y2, • ■ • ) Un-i, ~yn)i then we define the Poisson kernel P{x, y') when 
X e H and y' e dH by 

dG{x, y) 



P{x,y') 



dy„ 



= _ Q_2) 

y„=0 C^nk-(y',0)h ^ ^ 



The Dirichlet problem of upper half space is to find a function u 
satisfying 

u e C\H), (1.3) 
Au = 0,xeH, (1.4) 
lim u{x) = f{x') nontangentially a.e.x' e dH, (1.5) 

where / is a measurable function of R"~^. The Poisson integral of the 
upper half space is defined by 

u(x) ^ P[f](x) = [ P(x,y')f(y')dy'- (1-6) 
As we all know, the Poisson integral P[f] exists if 



Jr"-! 1 + \yr 



(see [1,2] and [ll])In this paper, we will consider measurable functions 
/ in R""-*^ satisfying 



-dy' < oo. (1.7) 



/r"-i (1 + \y'\P 

Siegel-Talvila([5]) have proved the following result: 

Theorem A Let / be a measurable function in R""^ satisfying (1.7). 
Then the harmonic function v{x) defined by (1.6) satisfies (1.3), (1.4), 
(1.5) and 

v{x) = o(a;;'-j""|a;|"+"') as |a;| oo. 

In order to describe the asymptotic behaviour of subharmonic func- 
tions in half-spaces ([8,9] and [10]), we estabhsh the following theorems. 

Theorem 1 Let l<p<oo, - + - = 1 and 

— (n — l)(p — 1) < 7 < (n — 1) -|- p in case p > 1; 

< 7 < n in case p = 1. 

If / is a measurable function in R"~^ satisfying (1.4) and v{x) is the 
harmonic function defined by (1.8), then there exists xj e H, pj > 0, 



such that 



holds and 



oo rm—a 



> -^n < CO 

/ -/ \rQ . \pn—a 

j=l I 1' 



v{x) = o{xn ^\x\p^ 1 "^p) as ^ OO (1.9) 

holds in if — G. where G = Ujli ^i^jy Pj) < a < n. 

Remark 1 If a = n, p = 1 and 7 = n, then (1.8) is a finite sum, the 
set G is the union of finite balls, so (1.9) holds in H. This is just the 
case m = of the result of Siegel-Talvila. 

Remcirk 2 When 7 = — (n — l)(p — 1), p > 1, we have 

v{x) = o{xn {log\x\)'i\x\p^~i "^p) as |a;| — > OO (1-10) 

holds in H-G. 

Next, we will generalize Theorem 1 to subharmonic functions. 

Theorem 2 Let p and 7 be as in Theorem 1. If / is a measurable 
function in R"~^ satisfying (1.7) and is a positive Borel measure 
satisfying 

di^{y) < 00 (1.10) 



and 



Write the subharmonic function 

u{x) = v{x) + h{x), X E H 
where v{x) is the harmonic function defined by (1.8), h{x) is defined 

by 

h{x) = / G{x,y)dfj.{y) 

J H 

and G{x,y) is defined by (1.1). Then there exists Xj e H, pj > 0, such 
that (1.8) holds and 

u{x) — o{xn ^ \x\p~^ 9 """"p) as |a;| — > 00 
holds in if - G. where G = (J^i B{xj, pj) and < a < 2. 
Remcirk 3 When 7 = —(n — l)(p — 1), p > 1, we have 

u{x) = o{xn ^ (log |a;|)9 |a;| 5~~"'"'"p) as |a;| — >• 00 (1-10) 
holds in ii - G. 
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2. Proof of Theorem 



Let /i be a positive Borel measure in R'^, (3 > 0, the maximal func- 
tion M{dii){x) of order {3 is defined by 

M{dfj,){x)^ sup /ii^i^, 

0<r<oo 

then the maximal function M{diJ,){x) : R" — >■ [0, oo) is lower semicon- 
tinuous, hence measurable. To see this, for any A > 0, let -D(A) = {x e 
R" : M{dfj,){x) > A}. Fix x G D{X), then there exists r > such 
that /j{B{x,r)) > tr^ for some t > A, and there exists 6 > satisfying 
(r + 6)^ < If li/ — a;| < 5, then B(y,r + 6) D B(x,r), therefore 
^{B{y,r + 6)) > tr^ > A(r + 6f. Thus B{x,6) C D{X). This proves 
that £>(A) is open for each A > 0. 

In order to obtain the results, we need these lemmas below: 

Lemma 1 Let be a positive Borel measure in R", /? > 0, /x(R") < 
oo, for any A > 5^/i(R'^), set 



E(X) = {x e R" : \x\ > 2, M{dn){x) > 



then there exists Xj e E{X) , pj > 0, j = 1,2, ■ ■ ■ , such that 

oo 

EiX)G[jB{xj,pj) (2.1) 

and 

^ ^ 3/i(R")5'3 



oo (3 

^ ^ A 



.... s ^v^- 

Proof: Let £'fe(A) = G E{X) : 2^= < |a;| < 2*^+1}, then for any x G 
Ek{X), there exists r(a;) > 0, such that ii{B{x,r{x))) > X{'^^Y , there- 
fore r{x) < 2^^^. Since Ek{X) can be covered by the union of a family of 
balls {B{x,r{x)) : x G Ek{X)}, by the Vitali Lemma([6]), there exists 
Ajfc C Ek{X), Afe is at most countable, such that {B{x,r{x)) : x G Ak} 
are disjoint and 

Ek{X) C U^eAfc5(a;,5r(x)), 

so 

£;(A) = U~ i£;,(A) C ur=i U,eA, B{x, 5r{x)). (2.3) 

On the other hand, note that [JxeAkB{x,r{x)) C {x : 2^"^ < \x\ < 
2*^+2}, so that 

E - ^ ^^^^Y^^^^^ < : 2^-^ < kl < 2^+^}. 



Hence we obtain 

± J2 < ± : 2-' < W < 2-} < 

k=l xeAfc ' ' fc=l 

Rearrange {x : a; e A^, /c = 1,2, •••} and {5r{x) : x e A^, A; 
1, 2, • • • }, we get {xj} and {p^} such that (2.1) and (2.2) hold. 

Lemma 2 The kernel , — ^ has the following estimates: 



(1) If \y\ < M, then ^ < ^ 

(2) If \y\ > M, then < ^. 

Throughout the proof, A denote various positive constants. 
Proof of Theorem 1 

Wc prove only the case p > 1; the proof of the case p = 1 is similar. 
Suppose 



. n 5 





= {y' e R"-^ : 


G2 


= {y' e R"-^ : 


Gs 


= {y' e R"~^ : 


^4 


= {y' e R'^-^ : 



1 < \y'\ < f 
T 

ll/'l>2N}, 

< 1}- 



< b'l <2|a;|}. 



Define the measure dm{y') by 



(l + |y'|)7 



For any £ > 0, there exists > 2, such that 

dm{y') < 



j 

J\% 



\y'\>Re 

For every Lebesgue measurable set E C R"~^ , the measure m^'^^ 
defined by m^^^\E) = m{E n {x' e R""^ : \x'\ > R^}) satisfies 
^(^)(Rn-i) < _|^^ ^rite 



vi{x) = [ P{x,y')f{y')dy', 

JGi 

V2{x) = / P{x,y')f{y')dy', 

JG2 

vs{x) = [ Pix,y')fiy')dy', 
v,{x) = [ P{x,y')f{y')dy', 

JGa 
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then 

v{x) = Vi{x) + V2{x) + V3{x) + V4{x). (2.3) 

Let ^i(A) = {x e W : \x\ > 2,3t > 0,m^'\B{x,t) n R"-^) > 
A^(|||)^"^~"}, therefore, if \x\ > 2R^ and x ^ -Ei(A), then we have 

Vt > 0, m^'\B{x,t) nR''-') < AP(^f"-". 

First, if 7 > -{n - - 1), then ^ + (n - 1) > 0. For r > 1, we have 

viix) = [ P{x,y')f{y')dy'+ I P{x,y')f{y')dy' = Vr^{x)+v,2{x). 

JGinB{0,r) JGi-B{0,r) 

If \x\ > 2r, then we obtain by Lemma 2 (1) and Holder's inequahty 

J B{0,r)-B{0,l) F| 



Un \X\ 

since 



\ J B(0,r)-B(0,l) IVr ) \ J B(0,r)-B(0,l) J 



/ \y'\'v dl) <Un-\- 

J B(0,r)-B(OA) 



' B{Q,r)-B(0,l) 



r p 



so that 

2i_ _|_ n—l 

= o{xn\x\p ) as — > oo. (1.9) 

Moreover, we have similarly 

, z^-f/ W''4"([ 1.1'*')"' 



Fl \JGi-B{0,r) W \ / \JGi-B{0,r) J 

'Gi-B(0,r) 

which implies by artitrarincss of r that 

'Vviix) = o{xn\x\'p^~ "■) as \x\ oo. (1.9) 

If 7 > — (n — l)(p — 1), then ^ + (n — 1) > 0, so that we obtain by 
Holder's inequality 



7 



Since 



— ™ nn. ^ ' I O rv 



where mi^^(t) = J. ,:^^dm^^\y'). 



I\y'-x\<t 

Hence we have 



1--, 



V2{x) = o{xn ''\x\p 1 " p) as ^ 00. 

If 7 < (n — 1) + then — n)q + (n — 1) < 0, so that we obtain by 
Lemma 2 (2) and Holder's inequahty 



so that 



V3(x) = o(a;„|a;| p''" « ") as |a;| — >• 00. (1.9) 



Finally, by Lemma 2 (1), we obtain 

2n+l 



on+l ™ 



so that we have by 7 > — (n — — 1) 

^4(3;) = o{xn\x\p ~ ) as \x\ ^00. (1-9) 

Thus, by collecting (2.5), (2.6), (2.7), (2.8), (2.9), (2.10)and (2.11), 
there exists a positive constant A independent of e, such that if |x| > 
2i?£ and x ^ Ei{e), we have 

\v{x) \ < Aexn ''|a;|p"' « ^'^p. 

Let be a measure in R" defined by iie{.E) = m^^\E n R"-^) for 
every measurable set E in R".Take e — £p = ^^^P = 1, 2, 3, • • • , then 
there exists a sequence {Rp}: 1 — Rq < Ri < R2 < • ■ ■ such that 

J\y'\>Rv ^ 
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Take A = 3 ■ 5?"^" ■ 2'"/X£p(R") in Lemma 1, then there exists Xj^p and 
Pj^p, where Rp-i < \xj^p\ < Rp, such that 

oo ^ 

Pj,P yn-a ^ _ 

j^l \^j,p\ 2*" 
if Rp-i < \x\ < Rp and x ^ Gp = W^LiB^xj^p, pj^p), we have 



J-- 

Thereby 

oo oo oo ^ 

p=l J=l ' p=l 

Set G = W^^Gp, thus Theorem 1 holds. 
Proof of Theorem 2 

We prove only the case p > 1; the remaining case p — 1 can be 
proved similarly. Suppose 

Fi ={yei/:l<|y|<M}, 



^2 ={yeH 
F3 ={yeH 

Define the measure dn{y) by 



2 

< bl <2|a:|}, 



\y\ > 2|a;|}, 
bl < 1}- 



dn(y) = - — y^—dp(y) 
For any £ > 0, there exists R^ > 2, such that 



/ 



dn{y) < 



p 



\y\>Re ^ 

For every Lebesgue measurable set E C R", the measure n^^^ defined 
by n^^\E) = n{En{y e H : \y\ > R,}) satisfies n^''\H) < write 

/ G{x,y)dp{y), 
G{x,y)dp{y), 
G{x,y)dp{y), 
G{x,y)dp{y) 



hi{x) 


Jfi 


h2{x) 






JF3 


h^lx) 


JF4 



then 

h{x) = hi{x) + h2{x) + /i3(x) + hi{x). (2.10) 
Let E2{\) = e R" : \x\ > 2, 3t > Q,n^^\B{x,t)nH) > Ap(^)p"-°^}, 
therefore, if \x\ > 2R^ and x ^ -E'2(A), then we have 

> 0, n'^'\B{x,t)r\H) < Af(^)f"-". 

First, note that 

\G{x, y)\ = -y)- E{x - y*)\ < (2.11) 
If 7 > — (n — l)(p — 1), then y + (n — 1) > 0. For r > 1, we have 
hi{x) ^ -G{x,y)dn{y)+ -G{x,y)dii{y) ^ hii{x)+hi2{x) 

JFinB{0,r) JFi-B{0,r) 

If \x\ > 2r, then we obtain by Lemma 2 (1), (2.11) and Holder's in- 
equality 

l^n(^)l < / ^nflin My) 

JB(Q,r)-B{Q,l) ^nF ~ Vl 
2t ?/ 2" 



'B(0,r-)-B(0,l) <^n 



UJn \X\ 



<-L 



Fl \7B(0,r-)-B(0,l) / \ J B{0,r)-B{0,l) 



smce 



/ \yf-^dn{y) < [ jT-^-^y^^dn{y), 

J B{0,r)-B{0,l) Jh (1 + ly|)" 

/ Ivl'^dM = f ||/|f+"-^^d/.(|/) 

J B{0,r)-B{0,l) J B{0,r)-B{Od) Wl 

< 2 



n-1 I 1 J../..\„=^+n-l 



SO that ^ 

hu{x) = o{xn\x\p~^ 9 ^) as — > oo. (1-9) 
Moreover, we have similarly 

\hn{x)\ < ^f^f/ r^My)Y'( [ Ivl'^dMY' 

Fr ViFi-B(0,r) ll/r / \JF^-B{0,r) J 



'Fi-B(0,r) Wr 
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which imphes by artitrarincss of r that 

hi2{x) = o{xn\x\p 1 ) as ^ oo. (1-9) 
If 7 > — (n — l){p — 1), then y + (n — 1) > 0, so that we obtain by 
Holder's inequahty 

since 

Jf2 J\y-x\<3\x\ Vn 

J|3/-a:|<^ Z/n J l^^ly_x\<3\x\ Vn 

= /i2i(a;) + /i22(a:;), 

so that 



^21 (^) < / f 7 r^-^" dn^'Hy) 



2 V r-^ 1 



{n-2)uJnXnJ Jo tP^""-^) 

< ( - \ np-a 



Moreover, we have by (2.11) 

^22(^) < / (i — — u^y^^^^'Hy) 



^<\y-x\<?,\x\ 

2x^Y r^i^-i 1 



2 



< ( My I ^^^")c^ 



where ni^^(i) = L.^k^ c^n^^Hl/)- 



Hence we have 



|2/-a;|<t ' 



Ai2 (a;) = o(Xn 9 pj as |x| — > OO. 
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If 7 < — 1) + P, then — n)q + (n — 1) < 0, so that we obtain by 
Lemma 2 (2), (2.11) and Holder's inequahty 



JF'i ^ri \y\ 



\Jf3 \y\ / \JF3 



so that 



2f_ _|_ n—1 ^ 

h3{x) = o{xn\x\p ~9 ) as \x\ — >• oo. (1.9) 
Finally, by Lemma 2 (1) and (2.11), we obtain 

\h4{x)\ < [ in ^f^iy) < - — -rk I yndM, 

J UJn\x - y]"- UJn 

SO that we have by 7 > — (n — l){p— 1) 

/i4(x) = o(x„|x|p^~9 "■) as |a;| 00. (1.9) 

Thus, by collecting (2.12), (2.13), (2.15), (2.16), (2.17), (2.18), (2.19) 
and (2.20), there exists a positive constant A independent of e, such 
that if |x| > 2i?e and x ^ E2{e), we have 

\h{x)\ < Aexl'^^lxli^'^'^^p. 
Similarly, if x ^ G, we have 

a_ ^ n — 1 a 

h{x) = o{xn ^ \x\p^ ^ "■"'"p") as |x| — >• 00. (2-21) 
by (1.11) and (2.21), we obtain 

u{x) — v{x) + h{x) — o{xn ^ \x\p~^ 5 "'+p) as \x\ — > 00 
hold in if — G, thus we complete the proof of Theorem 2. 
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